In this article, we study the blowup phenomena of compressible Euler equations with nonvacuum initial data. Our new results, which cover a general class of testing functions, present new initial value blowup conditions. The corresponding blowup results of the 1-dimensional case in non-radial symmetry are also included.
Introduction and Main Results
N -dimensional compressible isentropic Euler equations for fluids can be expressed as
where ρ = ρ(t, x) : [0, ∞) × R N → [0, ∞), u = u(t, x) : [0, ∞) × R N → R N and P are the density, the velocity, and the pressure functions respectively. For polytropic fluids, we have
for which the constants K > 0 and γ ≥ 1.
For non-vacuum initial data, the density remains positive for t ≥ 0. From equation (1) 1 ,
we know that the value of ρ(t, x) is determined by ρ 0 (x) and an exponential function along a characteristic curve. More precisely, we have the following lemma.
Lemma 1 If ρ 0 (x) > 0 for all x ∈ R N , then ρ(t, x) > 0 for all t ≥ 0 and for all x ∈ R N .
Proof. With the material derivative along a characteristic curve x(t; x 0 ), the mass equation (1) 1 becomes Dρ Dt + ρ ▽ ·u = 0.
Taking the integration, we obtain ρ(t, x(t; x 0 )) = ρ 0 (x 0 )exp − t 0 ▽ · u(s, x(s; x 0 ))ds .
The result follows easily from the above equation.
In radial symmetry, Equations (1) 
Here, ρ = ρ(t, r) and u = x r V (t, r) =:
with the radius r = For the development of and classical results of the Euler equations and fluid mechanics, readers may refer to [1, 2, 6, 8, 10, 11, 12, 14, 15, 16] .
In contrast to the condition given in [14] , where a vacuum state is considered, we investigate the Euler equations with a non-vacuum state and the finite propagation is applied. By refining the arguments in [11, 13] , we obtain the corresponding result for R N using the following lemma.
Lemma 2 Let (ρ, u) be a C 1 solution of the N -dimensional Euler equations (1) with γ > 1, life span T > 0 and the following initial data:
for some positive constantsρ and R. Then, we have
for t ∈ [0, T ) and |x| ≥ R + σt, where σ = Kγρ γ−1 > 0.
Proof. The proof is included in the Appendix.
The following corollary is the radial symmetry version of Lemma 2. 
for t ∈ [0, T ) and r ≥ R + σt, where σ = Kγρ γ−1 > 0.
In 2011, Yuen obtained the initial functional conditions for the blowup of the Euler-Poisson equations for testing functions f (r) = r n (with n = 1 in [4] and an arbitrary positive constant n in [5] ). Subsequently, the authors in [9] designed general testing functions to obtain the initial functional conditions for showing the blowup phenomena of the Euler and Euler-Poisson equations using the integration method under the nonslip boundary condition [3] . Recently, the authors in [7] 
and
where
then, the time T < τ .
Theorem 5
Fix a > 2 and τ > 0. Let f (x) be a non-negative strictly increasing C 1 function.
Under the setting of Lemma 2 with
then the time T < τ , where
Other blowup results for the compressible Euler equations are provided in Section 2.
Integration Methods
First, we give a detailed proof of Theorem 4 using the integration method for γ > 1 as follows.
Proof of Theorem 4. Equation (5) 2 , for non-vacuum initial data, becomes
Multiplying equation (19) by function f (r) and taking the integration over [0, ∞), we geṫ
Note that the integrals are well defined.
Using the integration by parts, we geṫ
That is,Ḣ
On the other hand, by the Cauchy Inequality,
Hence,Ḣ
When 0 ≤ t ≤ τ , we havė
=:
From condition (11), we have
suppose G 1 (t 1 ) < 0, for some 0 < t 1 ≤ τ , then there exists a constant t 2 , where 0 < t 2 < t 1 , such
for some ε 1 > 0.
Therefore, for 0 ≤ t ≤ τ , we have
It follows that for 0 ≤ t ≤ τ , we obtain 1
From condition (12), we conclude that the non-vacuum solutions for the Euler equations (5) blow up before τ , that is, the time T < τ .
The proof is complete.
Second, the proof of Theorem 5 for the corresponding 1-dimensional case in non-radial symmetry is presented.
Proof of Theorem 5. The 1-dimensional momentum equation (1) 2 with non-vacuum data is written as
As before, we multiply the above equation by function f (x) on both sides and take the integration with respect to x, yielding
By using the integration by parts, we obtaiṅ
On the other hand,
Then,
Thus, we haveḢ
For 0 ≤ t ≤ τ , we obtaiṅ
As before, from G 2 (0) > 0, we have G 2 (t) ≥ 0 for 0 ≤ t ≤ τ . Therefore,
It follows that the time T < τ if condition (16) is satisfied.
To give the proofs of Theorems 9 and 10, we need the following lemma. Proof. Note that the integral is well defined by Corollary 3. Thus, we have
for N > 1.
For N = 1, expression (56) is still zero, as by continuity,
which implies V (t, 0) = 0.
Remark 7 It should be noted that function m 1 (t) in the above lemma is a radial symmetry version
of the m(t) function in [11] . 
then the time T < τ .
Case 2: γ = 2 and m 1 (0) < 0. If H 3 (0) is large enough such that
Proof. For function f (r) = r N , equation (23) becomeṡ
The Cauchy Inequality can be applied to confirm that
Thus,Ḣ
For γ > 2, it can be shown by Holder's Inequality that the second term on the right-hand side of the above equation is greater than or equal to zero. More precisely, for γ > 2, as m 1 (t) = m 1 (0) ≥ 0, we have
It follows thatρ
For γ = 2, equation (66) becomeṡ
For γ ≥ 2 and m 1 (0) ≥ 0, we haveḢ
As H 3 (0) > 0, we have H 3 (t) ≥ 0 for t ≥ 0 and
Therefore, for 0 ≤ t ≤ τ , we have 1
The result of Case 1 follows.
For Case 2, from equation (70), we havė
for 0 ≤ t ≤ τ .
Suppose
or equivalently,
where the value of a > 2 will be determined later.
As
Then, we have the time T < τ if
By solving the following equation for a > 2 for the equation
we obtain the value of a in equation (63) and hence condition (60) implies conditions (78) and (82). The proof of Case 2 is complete.
Next, we have the following theorem for the 1-dimensional Euler equations (1) in non-radial symmetry.
Theorem 10 Under the setting of Lemma 2 with N = 1 and γ ≥ 2, if
then the C 1 non-vacuum solutions blow up on a finite time T 1 , where
Proof. For function f (x) = x, equation (42) becomeṡ
For γ = 2, the second term on the right-hand side of the above equation is Kγ γ−1 m 2 (0), which is greater than or equal to zero.
For γ > 2, it can be shown by Holder's inequality that the second term on the right-hand side of the above equation is greater than or equal to zero. More precisely, for γ > 2, as m 2 (t) = m 2 (0) ≥ 0, we have
The Cauchy Inequality can be used to check
If the solutions are global, then by letting t → ∞, we have
which contradicts condition (84).
Last, we present the following corollary, which is easily obtained from the proof of Theorem 10. 
Case 2: γ = 2 and m 2 (0) < 0. If H 4 (0) is large enough such that
Proof. The result of Case 1 follows from equation (95).
For Case 2, from equation (88), we havė
Conclusions
In this article, we provide several new blowup results for the Euler equations (1) for N = 1 and general N -dimensional Euler equations in radial symmetry (5) with initial non-vacuum conditions.
Specifically, we show that if the initial function H i (0) is large enough, then blowup occurs on or before a finite time and the corresponding blowup time can be estimated. In particular, the new class of testing functions in Theorem 4 consists of general, non-negative, strictly increasing
. This is our main contribution.
The similar analysis can be applied to obtain the corresponding blowup results for the compressible Euler equations with linear damping.
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Proof of Lemma 2.
where P is regarded as a function of ρ.
Then, equation (1) 1 is transformed into
and equation (1) 2 is transformed into
Multiply equation (112) by v and equation (113) by u. Then, add them together and rearrange the terms to get
Fix (x, t) ∈ R N × (0, T ] and µ ∈ [0, t). Define the truncated cone
Note that the cross sections of C µ are
Lastly, define
Take the integration on both sides of equation (114) over C µ to get
Step 1. Applying the Differentiation Formula for Moving Regions, the Fundamental Theorem of Calculus and the Divergence Theorem, expression (118) is equal to 
where dS is the surface element with respect to the variable y and ∂U (s) is the boundary of U (s).
Note that by the Cauchy Inequality,
Step 2. By the Cauchy Inequality and the following two inequalities,
the integrand of (119) can be estimated as follows:
Thus, expression (119) is less than or equal to 
If |x| > R + σt, |y| > R for y ∈ U (0).
Thus, e(0) = 0 and e(µ) = 0 for |x| > R + σt.
Thus, v(µ, x) = u(µ, x) = 0 for |x| > R + σt.
Thus, (ρ, u)(µ, x) = (ρ, 0) for |x| > R + σt.
As µ ∈ [0, t) is arbitrary, the result follows by continuity.
